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delay equations

“A delay equation is a rule
for extending a function of time towards the future
on the basis of the (assumed to be) known past.”
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ODE vs DDE

• autonomous first order Ordinary Differential Equation

y ′(t) = f(y(t)), f : Rd → Rd

• Delay Differential Equation with one discrete delay τ > 0

y ′(t) = f(y(t), y(t− τ)), f : Rd × Rd → Rd
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history and infinite dimension

τ > 0, y : [−τ,∞)→ Rd

yt : [−τ, 0]→ Rd, t > 0

yt(θ) := y(t+ θ)

−τ 0 tt− τ

y
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types of delay equations

τ > 0, xt ∈ X = L1([−τ,0],RdX), yt ∈ Y = C([−τ,0],RdY )

• Delay Differential Equations (DDE)

y ′(t) = G(yt), G : Y → RdY

• Renewal Equations (RE)

x(t) = F(xt), F : X→ RdX

• coupled RE/DDE{
x(t) = F(xt, yt), F : X× Y → RdX

y ′(t) = G(xt, yt), G : X× Y → RdY
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stability

y ′(t) = y(t)(1− y(t))
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stability for ODE: equilibria
y ′(t) = f(y(t)), f : Rd → Rd, ȳ equilibrium

linearize around ȳ  y ′(t) = Ay(t)

A = Df(ȳ) =


∂f1
∂y1

(ȳ) · · · ∂f1
∂yd

(ȳ)
... . . . ...

∂fd
∂y1

(ȳ) · · · ∂fd
∂yd

(ȳ)

 ∈ Rd×d

characteristic roots (CRs): eigenvalues of A

ȳ stable ȳ unstable
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stability for ODE: periodic solutions

y ′(t) = f(y(t)), f : Rd → Rd, ȳ(t) Ω-periodic solution

linearize around ȳ(t)  y ′(t) = A(t)y(t), A(t+Ω) = A(t)

Floquet theory  monodromy matrix M ∈ Rd×d

characteristic multipliers (CMs): eigenvalues of M

ȳ(t) stable ȳ(t) unstable

D. Liessi Stability analysis of delay models by pseudospectral methods 7 / 19



stability for DDE: equilibria

linearize DDE around equilibrium  linear autonomous DDE{
y ′(t) = Lyt, t > 0, L : Y → RdY

y0 = ψ

C0-semigroup of solution operators T(t)y0 = yt, t > 0

infinitesimal generator of {T(t)}t>0 A : D(A) ⊆ Y → Y

Aψ = ψ ′

D(A) := {ψ ∈ Y | ψ ′ ∈ Y and ψ ′(0) = Lψ}

abstract Cauchy problem
{
u ′(t) = Au(t), t > 0, u(t) ∈ Y
u(0) = ψ ∈ Y

u(t)(θ) = y(t+ θ), t > 0, θ ∈ [−τ, 0]
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stability for DDE: periodic solutions

linearize DDE around periodic solution  linear periodic DDE

{
y ′(t) = L(t)yt, t > s, L(t) : Y → RdY ,
ys = ψ L(t+Ω) = L(t)

evolution operators T(t, s)ys = yt, t > s

Floquet theory  monodromy operator M := T(Ω, 0)
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stability for RE

equilibria: infinitesimal generator !

periodic solutions: Floquet theory work in progress
numerical method ! (paper in preparation)
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pseudospectral methods

ψ  interpolating polynomial

spectral accuracy: ψ smooth ⇒ error = O(M−k) for every k
(M = number of interpolation nodes)

example error plot
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a real-life problem: 2 host – 1 parasitoid model

Drosophila melanogaster, male Leptopilina heterotoma Drosophila suzukii, male



E ′i(t) = REi
(t) −MEi

(t) − dEi
Ei(t)

L ′i(t) =MEi
(t) −MLi

(t) − αiP(t)Li(t) − dLi
(Li(t))Li(t)

A ′i(t) =MLi
(t) − dAi

Ai(t)

P ′(t) =

2∑
i=1

αiP(t− TiP)Li(t− TiP)siP − dPP(t)

REi
(t) = ρidAi

Ai(t)

MEi
(t) = REi

(t− TEi
)e−dEi

TEi

MLi
(t) =MEi

(t− TLi
)e

−
∫t
t−TLi

(αiP(θ)+dLi
(Li(θ)))dθ
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a real-life problem: 2 host – 1 parasitoid model

stability chart

host species 1 and 2 may coexist

host species 1 excludes 2

host species 2 excludes 1
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example 1: a simple linear DDE with one discrete delay

y ′(t) = ay(t) + by(t− 1)

[
y ′(t) = f(y(t), y(t− 1))

]

myDDE.m: y ′(t) = Ã(t)y(t) +

q∑
u=1

B̃u(t)y(t− du)

+

w∑
v=1

∫−rv
−lv

C̃v(t, θ)y(t+ θ)dθ
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example 1: a simple linear DDE with one discrete delay

some known facts from studying the characteristic equation

λ− a− be−λ = 0

a = 2 and b = −e ⇒ rightmost double CR 1

a rightmost CRs with b = −π/2

−1 complex conjugate pair, negative real part
0 imaginary pair ±iπ/2
1 complex conjugate pair, positive real part
1+ log(π/2) double real CR log(π/2)
3/2 two real CRs, both positive
π/2 two real CRs, one 0 and one positive
2 two real CRs, one negative and one positive
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example 1: a simple linear DDE with one discrete delay

stability chart

stable

unstable
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example 2: a special RE with a quadratic nonlinearity

x(t) =
γ

2

∫3
1

x(t− θ)(1− x(t− θ))dθ, γ > 0

equilibria:
x̄1 = 0, x̄2 = 1−

1

γ

periodic solutions for γ > 2+ π
2 , all with period 4:

x̄3(t) =
1

2
+
π

4γ
+ α sin

(π
2
t
)

α2 =
1

2
−
1

γ
−

π

2γ2

(
1+

π

4

)
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example 2: a special RE with a quadratic nonlinearity

x(t) =
γ

2

∫3
1

x(t− θ)(1− x(t− θ))dθ, γ > 0

linearization around x̄(t):

x(t) =
γ

2

∫3
1

x(t− θ)(1− 2 x̄(t− θ))dθ

modelr.m: x(t) = A(t)x(t) +

p∑
k=1

Bk(t)x(t− τk)

+

p∑
k=1

∫−τk−1
−τk

Ck(t, θ)x(t+ θ)dθ
[
τ0 = 0

]
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example 2: a special RE with a quadratic nonlinearity

bifurcation diagram
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